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A methodology is introduced, the Collision Rate Method (CRM), to calculate the friction
coefficient of power-law aggregates across the entire momentum-transfer regime. The
friction coefficient is calculated via the ratio of two fictitious particle-aggregate collision
rates evaluated in the continuum and slip-flow regimes. The effective collision rates are
obtained from the numerical solution of the Laplace equation with Robin boundary
condition. The methodology was justified by comparing the slip correction factor of
straight-chains composed of up to 50 spherical monomers with literature results. We
determined the validity of the CRM to lie in an extended slip-flow regime, the maximum
monomer Knudsen number being 2. We calculated the adjusted-sphere radius, the radius
of a sphere with the same slip correction factor as the chain, in slip flow. We found it to be
weakly dependent on flow conditions, as specified by the carrier-gas mean free path,
a dependence that leads to a weak effect on calculated slip correction factors. The CRM
was combined with the Adjusted-Sphere Method to extend its validity to all Knudsen
numbers. Excellent agreement of calculated, straight-chain, slip correction factors with
literature values was obtained for monomer Knudsen numbers up to 100. Various
characteristic length scales, geometric (equivalent volume radius, radius of gyration)
and dynamic (equivalent hydrodynamic and mobility radii), were calculated.
& 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).1. Introduction
The drag force a fluid exerts on a particle influences its transport properties, being important in dynamical processes,
such as particle sedimentation, respiratory deposition, agglomeration, and in industrial processes like combustion, filtration,
gas-phase particle synthesis, performance of air cleaners (Friedlander, 2000). The drag force FD and the friction coefficient f,
defined by FD ¼ fvp where vp is the particle velocity, depend on the nature of the fluid around the particle, and,
consequently, on the mechanisms of momentum transfer between the particle and the carrier-gas molecules. These
mechanisms are specified by the relative magnitude of the carrier-gas mean free path λ and a characteristic particle lengther Ltd. This is an open access article under the CC BY license
u (Y. Drossinos).
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(Ivchenko, Loyalka, & Tompson, 2007).
Different Knudsen numbers specify different flow (or momentum transfer) regimes, as described, for example, in Crowe
& Michaelides (2006). In the small Knudsen number limit, Kno0:001, the fluid behaves as a continuum. In the slip-flow
regime, 0:001oKno0:25, a velocity slip develops between the fluid velocity at the surface of the particle and the velocity
on the side of the fluid closest to the surface. The fluid flow is considered to be transitional for 0:25oKno10. In the free
molecular limit, Kn410, the velocity distribution of fluid molecules is unaffected by the presence of the particle. Transfer
processes for colloidal particles dispersed in a liquid are mainly in the continuum regime, while for spherical aerosol
particles they may lie in any mass/momentum transfer regime.
The friction coefficient f NðKnÞ of a power-law aggregate composed of N monomers over the entire (momentum-transfer)
transition regime is usually expressed in terms of the empirical relation (Friedlander, 2000):
f N Knð Þ 
f Nð0Þ
CNðKnÞ
; ð1Þ
where f Nð0Þ is the aggregate friction coefficient in the continuum regime, and CNðKnÞ is the slip correction factor (hereafter
referred to as the slip factor).
The slip factor is difficult to calculate for non-spherical structures. Instead, their mobility is usually analyzed via virtual
spherical particles that have desired properties. Two such spheres are commonly used: the mobility equivalent sphere of
radius Rm (see, for example, Rogak & Flagan, 1992), and the adjusted sphere of radius Radj (Dahneke, 1973). In addition, the
equivalent hydrodynamic sphere of radius Rh (Filippov, 2000) is occasionally used to describe aggregate mobility in near-
continuum flows. The mapping of an aggregate to a virtual sphere of characteristic length (radius) L allows the use of the
single-sphere slip factor C1ðKnðLÞÞ to correct the continuum friction coefficient in the transition regime.
Dahneke (1973) introduced the adjusted-sphere method that allows the calculation of an aggregate's friction coefficient
over the entire momentum transfer regime. The adjusted sphere is defined as a sphere of radius Radj that has the same slip
factor as the aggregate over the entire transition regime:
f N Knð Þ 
f Nð0Þ
C1ðKnadjÞ
; ð2Þ
where the adjusted-sphere Knudsen number is Knadj  λ=Radj. It is assumed to be constant, independent of the Knudsen
number (i.e., independent of the flow regime as specified by λ), in contrast to the mobility radius. The adjusted-sphere
model has been used in the analyses of numerous experiments (Cheng, Allen, Gallegos, Yeh, & Peterson, 1988; Rogak,
Baltensperger, & Flagan, 1991; Shapiro et al., 2012; Thajudeen, Jeon, & Hogan, 2015) and in numerical simulations (Rogak &
Flagan, 1992). More recently, Zhang, Thajudeen, Larriba, Schwartzentruber, and Hogan (2012) ascertained its validity via
direct simulation Monte Carlo (DSMC). The direct simulation Monte Carlo method solves the Boltzmann equation at finite
Knudsen number via stochastic simulations of virtual particles that represent groups of physical particles. As such, it
provides accurate results for the friction coefficient of complex structures, despite its numerical complexity. They found
excellent agreement of the mobility radii calculated via DSMC and via the adjusted-sphere method at varying Knudsen
numbers. Thus, there is considerable evidence, both numerical and experimental, that the adjusted-sphere model provides
accurate estimates of the friction coefficient of non-spherical objects in the transition regime.
The adjusted-sphere Knudsen number is constructed such that it gives the expected limits in the continuum and free
molecular regimes. Its determination requires the calculation of the mobility radii in these two regimes. An accurate, but
approximate, methodology to calculate the (orientationally averaged) continuum-regime mobility radius of arbitrarily
shaped Brownian particles was proposed by Hubbard & Douglas (1993). They argued that it may be obtained from the
solution of the Laplace equation. Independently, Isella & Drossinos (2011) used a heuristic argument, based on the collision
rate of fictitious Brownian particles with a straight chain, to argue that the solution of the Laplace equation may be used to
obtain their continuum-regime mobility radius. Gopalakrishnan, Thajudeen, and Hogan (2011) used the Langevin equation
for point mass particles, an alternative way to solve the diffusion equation, to calculate the mobility radius. These analytical
and numerical results, in addition to the previously mentioned experiments, suggest that the mass-transfer equivalent
radius is approximately equal to the mobility radius in the continuum regime. In fact, Gopalakrishnan et al. (2011) referred
to the mass-transfer radius in the continuum regime as the Smoluchowski radius, and the related approximation as the
Hubbard–Douglas approximation.
In the free molecular limit, it is expected that the mobility radius be proportional to the square root of the orientationally
averaged projected area of an aggregate (the probability of gas-aggregate collision being proportional to the projected area),
see, for example, Sorensen (2011). Experimental measurements (Cai & Sorensen, 1994; Rogak, Flagan, & Nguen, 1993) and
gas-molecule scattering calculations (Larriba & Hogan, 2013; Zhang et al., 2012) support this proportionality. The
approximate equality of the mobility radius to the mass-transfer radius in the free molecular regime has been referred to
as the projected-area approximation (Zhang et al., 2012).
The question our work addresses is whether the approximate equality of the mass-transfer radius to the mobility radius
holds in the entire transition regime. To do so, we extend the continuum-regime methodology introduced by Isella &
Drossinos (2011), a methodology used to calculate the hydrodynamic radius of power-law aggregates (Melas, Isella,
Konstandopoulos, & Drossinos, 2014a), to the slip-flow regime. The methodology may be applied to calculate the friction
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number (Melas, Isella, Konstandopoulos, & Drossinos, 2014b). Herein, it is applied to one of the simplest realizations of
power-law aggregates, straight chains composed of N touching, spherical monomers of radius R1. The emphasis is on the
development of the methodology, not on reproducing known straight-chain results. The methodology is justified a posteriori
by comparing our numerical results for straight chains composed of a maximum of 50 monomers to literature values in an
extended slip flow regime, up to Kn¼ 2. By appropriately combining the proposed method with the adjusted-sphere
method we extend its validity to the free molecular regime (to approximately Kn¼ 100). We conclude by calculating
geometric and dynamic characteristic lengths of an 8-monomer straight chain and the corresponding Knudsen numbers.
2. Collision Rate Method
2.1. Methodology
In the continuum regime, the calculation of the Stokes friction coefficient of a power law aggregate is analytically and
computationally demanding as it requires the solution of the creeping-flow Stokes equations with complex boundary
conditions. Isella & Drossinos (2011) introduced a methodology, referred to as the Collision Rate Method (CRM), whereby
the friction coefficient of straight chains is determined from the effective collision rate of diffusing fictitious particles. Their
heuristic argument was motivated by measurements of mass transfer coefficients to nanoparticles of a variety of species,
shapes, and sizes (Keller, Fierz, Siegmann, Siegmann, & Filippov, 2001). Such mass transfer coefficients were deduced either
from charge transfer through ion–particle collisions [diffusion charger (Ntziachristos, Giechaskiel, Ristimäki, & Keskinen,
2004)] or radioactivity acquired through the collision of radioactively labelled atoms with particles [epiphaniometer
(Gäggeler et al., 1989)].
The measurements suggested that the product of the particle mobility times the mass transfer coefficient is
approximately constant [see, also, Heitbrink et al. (2009)]. If multiple scattering events are neglected, the mass transfer
coefficient is proportional to the effective collision rate K [or coagulation kernel (Rogak et al., 1991)] of the ions or the
radioactive atoms with the particle. Since in the Stokes regime particle mobility is inversely proportional to its friction
coefficient, the effective collision rate is proportional to the friction coefficient.
The computational procedure mimics the experimental procedure by relating the effective collision rate of fictitious
particles to the particle friction coefficient. The important observation is that these processes occur in a background fluid: in
the continuum regime the motion of the fictitious particles is diffusive. Thus, the effective collision rate may be calculated by
solving a diffusion equation for the number density of the fictitious particles. The required proportionality constant that
connects the effective collision rate to the friction coefficient is eliminated by taking appropriate ratios.
The previous paragraphs summarized the arguments used by Isella & Drossinos (2011) to introduce the CRM in the
continuum regime. Hubbard and Douglas (1993), in an earlier work, presented formal arguments that lead to the same
conclusion. They argued that the angular average (corresponding to a physical orientational average due to Brownian
motion) of the Oseen tensor leads to the free-space Green's function for the Laplacian operator. They concluded that
the scalar friction coefficient of an arbitrarily shaped Brownian particle could be calculated accurately from a solution of the
Laplace equation by relating the friction coefficient to the particle electrostatic capacitance. The solution does not give the
full stress tensor or the flow field. This analytical result, and the extensive comparison with previous theoretical calculations,
justifies the CRM in the continuum regime, providing indirectly uncertainty estimates for the orientationally averaged scalar
friction coefficient. In addition, these developments suggest that, at least in the continuum regime, the approximation of the
orientationally averaged mobility radius by the orientationally average mass transfer radius is an excellent approximation, in
agreement with experimental measurements (Rogak et al., 1991; Thajudeen et al., 2015).
Gopalakrishnan et al. (2011) used a different, complementary, approach. Instead of solving the Laplace equation, they
performed Brownian dynamics simulations of inertialess, point-mass particles to obtain the scalar friction coefficient of
arbitrarily shaped structures. Their simulation was performed over the entire Knudsen-number range. These previous
results, analytical and numerical, provide additional support to the CRM.
According to the CRM, the ratio of the continuum regime friction coefficients f Nð0Þ and f 1ð0Þ may be expressed as
f Nð0Þ
f 1ð0Þ
¼ KNð0Þ
K1ð0Þ
; ð3Þ
where KNð0Þ is the collision rate of the fictitious particles with the N-monomer aggregate, and K1ð0Þ with a monomer. The
collision rates are calculated from the steady-state diffusion equation [∇2ρðrÞ ¼ 0], by integrating the diffusive flux
JN ¼ Dp∇ρ over the aggregate surface S, where ρ is the number density of the fictitious particles, and Dp their diffusion
coefficient:
KN ¼
Z
S
JN  dS¼
Z
S
JN  n^ dS; ð4Þ
with n^ being the unit vector normal to the surface pointing away from it, and dS the surface element. The appropriate
boundary condition on the aggregate surface is Dirichlet, total absorption on the surface (ρ¼ 0), and constant density far
away from it (ρ1). We propose a generalization of Eq. (3) valid for finite Knudsen numbers. We suggest that the slip factor in
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conditions:
CN Knð Þ 
f Nð0Þ
f NðKnÞ
¼ KNð0Þ
KNðKnÞ
: ð5Þ
The collision rate in the transition regime is obtained from a solution of the Laplace (diffusion) equation with Robin
boundary condition, specified in Section 2.2.
Aggregate transport properties may also be characterized by the orientationally averaged monomer shielding factor
ηNðKnÞ, a measure of the average hydrodynamic shielding of a monomer by other monomers in the aggregate. It varies from
zero (completely shielded monomer) to unity (free monomer). The combination of the continuum, Eq. (3), and the finite-
Knudsen number expressions leads to
ηN Knð Þ 
f NðKnÞ
Nf 1ðKnÞ
¼ KNðKnÞ
NK1ðKnÞ
: ð6Þ
So far, we considered orientationally averaged friction coefficients. In the application of the CRM to cylindrically
symmetric objects, as straight-chains, monomer shielding factors, η J ð? ÞN ðKnÞ, parallel (perpendicular) to the symmetry axis
may be defined as follows:
η J ð? ÞN Knð Þ 
K J ð? ÞN ðKnÞ
NK J ð? Þ1 ðKnÞ
: ð7Þ
The anisotropic collision rates K J ð? ÞN are obtained by projecting the diffusive flux JN parallel and perpendicular to the
symmetry axis, and integrating their absolute value over the aggregate surface, cf. Eq. (4),
K JN 
Z
S
J JN
  dS¼ Z
S
Dp
∂ρ
∂z

dS; ð8aÞ
K ?N 
Z
S
J?N  dS¼
Z
S
dS Dp
∂ρ
∂x
 2
þ Dp
∂ρ
∂y
 2" #1=2
; ð8bÞ
with the z coordinate being along the symmetry axis and x; y the co-ordinates perpendicular to it. As expected, Eq. (7) shows
that an isolated monomer has only one isotropic shielding factor η?1 ¼ η J1 ¼ η1; 8Kn. Henceforth, all quantities will be
orientationally averaged, unless otherwise specified.
2.2. Boundary conditions in slip flow
The difference between continuum and slip-flow calculations of transfer processes rests on the boundary conditions. The
traditional way to model flow and heat transfer phenomena in slip flows is to maintain the usual continuum equations for
the bulk of the fluid relegating rarefaction effects to the boundary conditions (Ezquerra Larrodé, Housiadas, & Drossinos,
2000). We follow a similar approach to specify the boundary condition of the Laplace equation. As such, the region of
validity of the proposed CRM is the slip-flow regime.
Far away from the aggregate the fictitious-particle density is taken to be constant, ρ1. On the aggregate surface we
impose a Robin, radiation, boundary condition:
ρðrSÞ ¼ αðKnÞ n^  ∇
 
ρ

r ¼ rS rS on aggregate surface S: ð9Þ
In addition, we assume that the scaling factor αðKnÞ is independent of the morphology of the aggregate, depending only on
the flow regime via the Knudsen number.
A physical interpretation of the scaling factor, which has the dimensions of length, may be deduced by noting that for
small changes Λ along the surface normal:
ρ rSþn^Λ
 ¼ ρðrSÞþΛ n^  ∇ ρr ¼ rSþOðKn2Þ: ð10Þ
Comparison with the boundary condition shows that for αðKnÞ ¼ ΛðKnÞ the number density becomes
ρ rSαðKnÞn^
 ¼ 0þOðKn2Þ: ð11Þ
Therefore, α defines an extrapolated boundary, internal to the aggregate, where the boundary condition at R¼ rSαn^ is
Dirichlet and the fictitious particle density zero.
The scaling factor is specified by considering a spherical monomer in slip flow. The analytical solution of the Laplace
equation with the Robin boundary condition (in spherical coordinates) is
ρ rð Þ ¼ ρ1 1 1þ
α
R1
 1R1
r
" #
: ð12Þ
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K1 Knð Þ ¼ K1 0ð Þ 1þ
α
R1
 1
with K1 0ð Þ ¼ 4πDpR1ρ1: ð13Þ
The combination of Eq. (5), evaluated for a monomer, and Eq. (13) shows that αðKnÞ is determined from the monomer slip
factor for any Kn:
α
R1
¼ K1ð0Þ
K1ðKnÞ
1¼ C1 Knð Þ1: ð14Þ
The slip factors of a sphere in slip flow may be calculated analytically (Ivchenko et al., 2007):
C1 Knð Þ ¼
f 1ð0Þ
f 1ðKnÞ
¼ 1þ3cmKn
1þ2cmKn
; ð15Þ
where cm is the isothermal slip velocity coefficient. It may also be determined from the empirical Knudsen–Weber formula
(Friedlander, 2000), an expression valid across the entire transition regime:
C1 Knð Þ ¼ 1þKn aþb exp 
c
Kn
	 
h i
: ð16Þ
Different values have been proposed for the experimentally determined parameters (a, b, c), depending on the chemical
composition of the particle.
The anisotropic monomer collision rates are
K J ð? Þ1 Knð Þ ¼ K J ð? Þ1 0ð Þ 1þ
αðKnÞ
R1
 1
; ð17aÞ
with
K J1 0ð Þ ¼
1
2
K1 0ð Þ; K ?1 0ð Þ ¼
π
4
K1 0ð Þ: ð17bÞ
2.3. Application of CRM to straight chains in slip flow
We use the CRM to calculate straight-chain mobility properties in slip flow. We compare the calculated values to
previous numerical calculations. The comparisons serve as an a posteriori justification of the methodology.
The scaling factor αðKnÞ for a given monomer Knudsen number is determined via Eq. (14) and the analytical expression
for the monomer slip factor, Eq. (15). The Laplace equation is subsequently solved numerically, and its solution is integrated
over the chain surface to obtain the required collision rates. These are related either to the straight-chain slip factor, Eq. (5),
or to monomer shielding factors, Eq. (6). In the former case, a second simulation is required to calculate KNð0Þ in the
continuum regime.
We performed the numerical simulations with the finite-element software COMSOL Multiphysics 4.0a (COMSOL
Multiphysics, 2010). The Laplace equation was solved both in cylindrical coordinates as a 2D problem and in Cartesian
coordinates as a 3D problem. The computational domain was at least two orders of magnitude larger than the monomer
radius R1 ensuring that the condition ρ1 ¼ constant can be applied at the boundary of the computational domain. For the
simulations in cylindrical coordinates the computational domain was a cylinder of height 400R1 and radius 200R1. For the
Cartesian-coordinates simulations it was a sphere of radius between 200R1 to 1200R1, depending on the number of
monomers of the chain. We ensured that the numerical results did not change by further increases of the computational
domain. The computational mesh consisted of more than 20,000 triangles and the number of degrees of freedomwas about
40,000. The mesh was finer around the linear chain to model the boundary layer. We refined the mesh until it led to stable
numerical results (further mesh refinements lead to a change of a few per thousands in the calculated collision flux). We
found an excellent agreement between the calculated collision rates in 2D and 3D. Without loss of generality, the
simulations were performed with ρ1 ¼ 1 and Dp¼1 (scaled units).
Filippov (2000) calculated the dimensionless drag force of non-overlapping dimers moving along their lines of centers in
slip flow for different cm Kn. His results are shown in Table 1. We determined the appropriate scaling factor α via Eqs. (14)
and (15):
α
R1
¼ cm Kn
1þ2cm Kn
: ð18Þ
The monomer parallel shielding factor of a dimer was determined via Eq. (7). Calculated shielding factors are in excellent
agreement with those of Filippov (2000), the maximum difference being less than one percent.
We, also, calculated the monomer shielding factor ηN of straight chains composed of up to 50 monomers for a maximum
Kn¼ 0:5 (slightly beyond the usual limit of the slip-flow regime) via Eq. (6). We compare our results to those reported in
Dahneke (1982), where the viscous resistance was calculated by interpolating between the continuum and free-molecular
Table 1
Dimer parallel monomer shielding factor η J2 ðcm KnÞ in slip flow. Distance between
spheres [this work and Filippov, 2000]: h=R1 ¼ 5:0 103.
cmKn Filippov (2000) α=R1 Collision Rate Method
0.1 0.655 0.083 0.653
0.2 0.662 0.143 0.664
0.3 0.667 0.188 0.672
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Dahneke (1982)
Fig. 1. Monomer hydrodynamic shielding factor ηNðKnÞ of straight chains: Collision Rate Method (circles), Dahneke (1982) (triangles). Top symbols
Kn¼ 0:5, middle symbols Kn¼ 0:2, bottom symbols Kn¼ 0:1.
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factor. Our results are in very good agreement, the maximum difference being 2.75%.
Fig. 2 presents calculated, via Eq. (5), slip factors for varying monomer number, and compares them to values reported in
Dahneke (1982). The left subfigure compares simulation results for Kn¼ 0:1;0:2;0:5: the agreement is excellent, the
maximum difference being 0.5%. The agreement is very good even as Kn-0, a region that was found difficult to simulate in
previous studies (Zhang et al., 2012). The right subfigure of Fig. 2 presents slip factors at larger Knudsen numbers (beyond
slip flow). Our calculated values agree reasonably well up to Kn¼ 2. The maximum difference for Kn¼ 1 is 1.15% and for
Kn¼ 2 is 3.7%. The corresponding differences for Kn¼ 5 and 10 are 9.3% and 13.6%, respectively. Therefore, we determine
empirically that the CRM provides a relatively accurate estimate of the slip factor up to Kn¼ 2.
3. Characteristic length scales
3.1. Mobility and hydrodynamic radii
The hydrodynamic radius RhðKnÞ is the radius of a sphere that has the same average mobility (friction and diffusion
coefficients) in the continuum regime as the straight chain (in general, aggregate) at a given Knudsen number. The friction
coefficient becomes
f N Knð Þ  6πμRh Knð Þ ¼
6πμRhð0Þ
CNðKnÞ
; ð19Þ
where for the continuum regime the Stokes friction coefficient was used, f Nð0Þ ¼ 6πμRhð0Þ, with μ being the dynamic fluid
viscosity. Eq. (19) is a generalization of the Stokes relation over the entire transition regime.
The proper hydrodynamic radius of a straight-chain is the mobility radius RmðKnÞ, the radius of a sphere that has the
same average mobility under the same flow conditions. The friction coefficient becomes
f N Knð Þ 
6πμRmðKnÞ
C1ðKnmÞ
; ð20Þ
where the mobility Knudsen number is defined with respect to the only length associated with the virtual sphere,
Knm  λ=Rm. In the continuum regime, Rhð0Þ ¼ Rmð0Þ, and for a sphere they equal the sphere radius. The mobility radius is
frequently estimated from experimental measurements (Sorensen, 2011).
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Dahneke (1982)
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Fig. 2. Slip correction factor of straight chains: Collision Rate Method (circles), Dahneke (1982) (triangles). Left: top symbols Kn¼ 0:5, middle symbols
Kn¼ 0:2, bottom symbols Kn¼ 0:1; Right: groups of symbols from top to bottom: Kn¼ 10;5;2;1.
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1
R1
RmðKnÞ
C1ðKnmÞ
¼ KNðKnÞ
K1ð0Þ
; ð21aÞ
RhðKnÞ
R1
¼ 1
R1
Rhð0Þ
CNðKnÞ
¼ KNðKnÞ
K1ð0Þ
: ð21bÞ
Eqs. (21) show that, for a given Knudsen number, it is sufficient to calculate the effective collision rate to obtain the mobility
or hydrodynamic radii. The calculation of the mobility radius requires the solution of a non-linear, transcendental equation
if the Knudsen–Weber formula is used for C1. We solve it, and the similar Eq. (22), graphically, thereafter confirming the
numerical solution via a Levemberg–Marquardt minimization.
Calculated, scaled mobility radii of straight chains for different Knudsen numbers are shown in Fig. 3. The results
presented in the right subfigure are in agreement with the observation (Filippov, 2000) that the mobility radius normalized
by the straight-chain radius of gyration Rg is approximately constant in the slip-flow regime.
3.2. Adjusted-sphere radius
The adjusted-sphere radius may be calculated by the CRM for any slip-flow Knudsen number. According to its definition,
Eq. (2),
CN Knð Þ  C1 Knadj
 ¼ 1þKnadj aþb exp  cKnadj
  
: ð22Þ
Since Radj is the only unknown, CNðKnÞ is determined via the CRM, Eq. (22) may be solved numerically.
The usual way to calculate Radj is to use properties at the continuum and free-molecular regimes. The relevant expression
may be derived by considering the free molecular limit of
Rmð0Þ
C1ðKnadjÞ
¼ RmðKnÞ
C1ðKnmÞ
; ð23Þ
that leads to
Knadj ¼ Kn
R1Rmð0Þ
R2mð1Þ
; ð24Þ
with Rmð1Þ being the mobility radius in the free molecular regime. As R2mð1Þ ¼ ApðNÞ=π with Ap(N) being the orientationally
averaged projected area (Cai & Sorensen, 1994; Larriba & Hogan, 2013; Zhang et al., 2012),
Radj ¼
ApðNÞ
πRmð0Þ
: ð25Þ
Rogak & Flagan (1992), in their study of coagulation of fractal-like aggregates, estimated the mobility radius via the
adjusted-sphere method. They were the first (to our knowledge) to present Eq. (24). Zhang et al. (2012) used dimensional
arguments to obtain it.
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be approximately calculated via
ApðNÞ ¼NApð1ÞðN1ÞA\ ; ð26Þ
where the monomer-monomer overlap is A\C0:47R21.
We calculated the adjusted-sphere radius of straight chains composed of up to 50 monomers and Kn¼ 0:1, 0.2, 0.5, 1.0,
2.0, via Eq. (22). Fig. 4, left subfigure, shows the mean dimensionless adjusted-sphere radius (averaged over Knudsen
numbers) and the standard deviation. The adjusted-sphere radius calculated according to Dahneke (1982) is also plotted:
the mean radius and its standard deviation (not easily visible in the figure) were also obtained by averaging over five
Knudsen numbers. The mean values are in good agreement with Dahneke's values, the maximum difference being 1.5%. In
addition, the adjusted-sphere radius calculated via the orientationally averaged projected area, Eq. (25), is also shown. The
agreement between the three methods is very good, even though Radj calculated via the projected area is consistently
higher.
The behaviour of Radj as a function of the Knudsen number is further explored in the right subfigure, Fig. 4. The Kn
dependence for Knr0:2 may arise from the inversion of Eq. (22); since CNðKnÞ1-0 as Kn-0, a small numerical error in
the calculation of the diffusive flux would lead to a larger error of Radj. Specifically, for an 8-monomer chain at Kn¼ 0:1 a
0.3% change of the collision rate leads to a 5% change of Radj=R1. Since the maximum standard deviation of the calculated
adjusted-sphere radii is 5.6%, the adjusted-sphere radius depends weakly on the Knudsen number. Nevertheless, as
discussed in the next section, the physically important quantity, the slip factor, is relatively insensitive to these variations as
Kn tends to zero. Even a 10% change of Radj=R1 has limited influence on the calculated slip factor as Kn tends to zero: at
Kn¼ 0:1 the slip factor changes by less than 1%, whereas at Kn¼ 0:5 the change is less than 3%.
10 20 30 40 50
2
4
6
8
10
12
14
Number of monomers
C
N
(K
n)
Collision Rate Method
Dahneke (1982)
Modified Collision Rate Method
Kn=5
Kn=10
Kn=2
Kn=1
0 5 10 15 20 25 30
40
60
80
100
120
140
Number of monomers
C
N
(K
n)
Collision Rate Method
Dahneke (1982)
Modified Collision Rate Method
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Table 2
Adjusted-sphere radius of dimers.Uncertainty estimates are relative percent errors.
Reference (a; b; c) Literature Collision Rate Method
Dahneke (1982) (1.234, 0.414, 0.876) 1.30 1.31272%
Cheng et al. (1988) (1.142, 0.558, 0.999) 1.3170.92% 1.27571.88%
Zhang et al. (2012) (1.257, 0.4, 1.1) 1.326 1.31371.82%
A.D. Melas et al. / Journal of Aerosol Science 82 (2015) 40–5048We also examined the effect of the parameters in the Knudsen–Weber formula. Table 2 compares adjusted-sphere radii
calculated via the CRM for dimers and literature-reported values. The error estimates were obtained by averaging over
Knudsen numbers. As is apparent from Eq. (14) the CRM is flexible enough to allow for different accommodation
coefficients, since the scaling factor is an implicit function of these coefficients via C1. The results presented in Table 2
suggest, in agreement with those shown in Fig. 4, that the dimer adjusted-sphere radius depends weakly on the choice of
the monomer slip-factor parameters.
Therefore, the Collision Rate Method, used in an extended slip-flow regime, partially supports the claim that the
adjusted-sphere radius corresponding to straight chains is approximately constant: calculated Radj depend weakly on flow
conditions. It is, however, a useful computational length to estimate the slip factor. Its average (over slip-flow Knudsen
numbers) may be obtained from properties in the continuum and free molecular regimes. For straight chains, it depends
only on the number of monomers. We fitted calculated average adjusted-sphere radii to obtain
Radj
R1
¼ 0:14 Req
R1
 2
þ1:54Req
R1
0:41; ð27Þ
where Req=R1 ¼N1=3 is the radius of the equivalent volume sphere.
4. Modiﬁed collision rate method
4.1. Methodology
The validity of the Collision Rate method may be extended to the entire Knudsen-number range via the adjusted-sphere
radius. Since the CRM is valid only in slip flow, we use it to calculate the average (over slip-flow Knudsen numbers)
adjusted-sphere radius. It is, then, substituted into Eq. (22), to calculate CN in a Knudsen-number range beyond slip flow. The
advantage of using the CRM is that the average Radj is calculated; it is not assumed to be constant. In fact, the slip-flow CRM
calculation may be used to validate Eq. (25), as done in Fig. 4.
We applied the modified CRM to calculate straight-chain slip factors for various Knudsen numbers. Fig. 5 compares our
results to literature values. The left subfigure shows slip factors for Kn¼ 1;2;5;10. The slip factors calculated with the
modified CRM compare very well with values reported in Dahneke (1982), the maximum difference being 1.2%. The
comparison with CRM results was discussed in Fig. 2, where some of these results were presented. The right subfigure
presents results for Kn¼ 100, a value that lies well within the free molecular regime. The slip factors calculated with the
modified CRM method compare very well with literature values: the maximum difference is 1.9%. On the other hand, the
maximum difference of CRM-calculated slip factors with the results of Dahneke (1982) is 20%.
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A.D. Melas et al. / Journal of Aerosol Science 82 (2015) 40–50 49The CRM-calculated slip factors shown in Figs. 2 and 5 area concordant with the validity of the adjusted-sphere method.
According to the DSMC solution of the Boltzmann equation the adjusted-sphere method provides an accurate approxima-
tion to the mobility radius (Zhang et al., 2012). Therefore, the agreement of slip factors calculated via the CRM and the
adjusted-sphere method suggests that the mass-transfer radius, as determined by CRM, is approximately equal to the
mobility radius over the whole range of Knudsen numbers.
The comparisons shown in Fig. 5 suggest that the average adjusted-sphere radius is a length scale that may be used to
estimate the slip factor of straight chains. In fact, relatively large changes of the adjusted-sphere radius (a standard deviation
of 5%, as shown in Fig. 4) lead to changes of the slip factor by less than 1% (Kn¼ 0:1), less than 2.5% (Kn¼ 1:0), and less than
o4:5% (Kn¼ 10:0). Thus, the slip factor dependence on the adjusted-sphere radius reflects the variation of Radj for large
Knudsen numbers, weakening as it approaches zero. The slip factor changes were calculated for N¼ 2;4;8;15;30;50.4.2. Straight-chain Knudsen numbers
Straight chains may be characterized not only by the dynamic lengths (radii) discussed so far, but also by geometric
lengths like the equivalent volume radius Req and the radius of gyration Rg. The choice of the appropriate Knudsen number is
important as it may be used to calculate the single-sphere slip factor of the corresponding virtual sphere.
We calculated these lengths, and the associated Knudsen numbers, for an 8-monomer straight chain. The adjusted-
sphere radius was calculated via the CRM, Eq. (22), in the slip-flow regime (averaged over five Knudsen numbers). The
calculated Radj, along with Rmð0Þ obtained from a continuum simulation, were used to obtain RmðKnÞ via Eq. (23), and then
RhðKnÞ by combining Eqs. (19) and (20). The Knudsen–Weber parameters reported in Dahneke (1973) were used. Fig. 6, left,
shows that as Kn increases, the mobility radius decreases slightly while the hydrodynamic radius tends to zero. Instead, the
adjusted-sphere radius, like all geometric radii, is a constant. The right subfigure contrasts Knudsen numbers defined with
respect to different length scales.5. Conclusions
We introduced a methodology, referred to as the Collision Rate Method (CRM), to calculate the friction coefficient of
power-law aggregates, and in general of aggregates composed of non-overlapping, spherical monomers, in the slip-flow
momentum-transfer regime. The friction coefficient at small Knudsen numbers was related to the ratio of effective collision
rates of fictitious diffusing particles, calculated in the continuum and slip-flow regimes. The effective collision rates were
obtained from a solution of the Laplace equation with Robin (radiation) boundary condition. The boundary condition
depends on the monomer slip correction factor. The methodology was justified by comparing slip correction factors and
monomer hydrodynamic shielding factors of straight chains with literature values in an extended slip-flow regime (up to a
maximum of Kn¼ 2).
We found that, for straight chains, the adjusted-sphere radius Radj depends weakly on flow conditions (as determined by
Kn) and strongly on the number of monomers. In an extended slip-flow regime (0rKnr2:0) the calculated adjusted sphere
radius varied by approximately 6% (standard deviation of the average over five Knudsen numbers). This variation leads to
changes of the slip factor that are of similar order, decreasing as Kn tends to zero. The results partially support the claim
(Dahneke, 1973; Zhang et al., 2012) that the average (over slip-flow Knudsen numbers) adjusted-sphere radius is a useful
A.D. Melas et al. / Journal of Aerosol Science 82 (2015) 40–5050auxiliary length scale to estimate slip correction factors. Nevertheless, being weakly dependent on flow conditions, it does
not correspond to a sphere with a physical interpretation, in contrast to the mobility radius.
We extended the validity of the CRM to the entire transition regime via the average adjusted-sphere method. We found
very good agreement of calculated straight-chain slip factors obtained using the adjusted-sphere radius and literature
values. The agreement suggests that the approximate equality of the mass-transfer equivalent radius with the mobility
equivalent radius of straight chains, an approximate equality believed to hold in the continuum and the free molecular
regimes, holds throughout the entire momentum-transfer regime. Further experimental measurements and theoretical or
numerical investigations would be necessary to confirm this result.Acknowledgements
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